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PERMANENCE OF STABLE RANK ONE FOR CENTRALLY 
LARGE SUBALGEBRAS AND CROSSED PRODUCTS BY 
MINIMAL HOMEOMORPHISMS 

DAWN ARCHEY AND N. CHRISTOPHER PHILLIPS 


Abstract. We define centrally large subalgebras of simple unital C*-algebras, 
strengthening the definition of large subalgebras in previous work. We prove 
that if A is any infinite dimensional simple separable unital C*-algebra which 
contains a centrally large subalgebra with stable rank one, then A has stable 
rank one. We also prove that large subalgebras of crossed product type are 
automatically centrally large. We use these results to prove that if A is a 
compact metric space which has a surjective continuous map to the Cantor 
set, and h: X —>■ X is a, minimal homeomorphism, then O* (Z, X, h) has stable 
rank one, regardless of the dimension of X or the mean dimension of h. In 
particular, the Giol-Kerr examples give crossed products with stable rank one 
but which are not stable under tensoring with the Jiang-Su algebra and are 
therefore not classifiable in terms of the Elliott invariant. 


1. Introduction 

Large and stably large subalgebras were introduced in m as an abstraction 
of Putnam’s orbit breaking subalgebra of the crossed product C* {Z, X,h) of the 
Cantor set by a minimal homeomorphism. In this paper, we define a stronger 
concept, that of a centrally large subalgebra. Large orbit breaking subalgebras 
are also centrally large, and centrally large subalgebras provide more information 
about the containing algebra. We prove (Theorem |6.3[ ) that if A is a simple unital 
C*-algebra and R C A is a large subalgebra which has stable rank one, then A also 
has stable rank one. If in addition B has real rank zero, we prove (Theorem |6.4[ ) 
that A also has real rank zero. 

We use our result to prove the following result (Theorem for crossed 
products by minimal homeomorphisms. Let A be a compact metric space which 
has a surjective continuous map to the Cantor set, and let /i: A —> A be a min¬ 
imal homeomorphism. Then C*{Z,X,h) has stable rank one. This result holds 
regardless of the dimension of A or the mean dimension of h. It is expected that 
C*(Z, A, h) is classifiable in terms of the Elliott invariant if and only if h has mean 
dimension zero, and one direction is the main result of [3]. Thus our result shows 
that crossed products by minimal homeomorphisms can have stable rank one even 
when they are not expected to be classifiable. The examples of [10] confirm that 
this happens: they do not have mean dimension zero, their crossed products are 
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not stable under tensoring with the Jiang-Su algebra, but our theorem shows that 
the crossed products do have stable rank one. 

In [18j . we will use our result to prove a generalization of Theorem 1 7. 1| Let 
X be a compact metric space with a free minimal action of l/. Assume (A, 
has a factor system which is a free minimal action of on the Cantor set. Then 
C'*(Z, A) has stable rank one. Again, no hypothesis on mean dimension is needed. 
We do not include the proof here because the proof of the existence of the necessary 
centrally large subalgebra is somewhat involved. We point out, however, that the 
main reason for the abstraction of Putnam’s construction is to be able to handle 
situations of this sort, in which there appears to be no explicit construction of the 
necessary subalgebra, only an existence proof. 

We give the motivation and background in more detail. Let A be an 
infinite compact metric space, let ft. : A A be a homeomorphism, and let A C A 
be closed. Let u G C*(Z, X, h) be the standard unitary. The A-orbit breaking 
subalgebra is the subalgebra C*(Z,X,h)y of C*(Z,A, ft) generated by C'(A) and 
all elements fu for / G C(A) such that /|v = 0. (Putnam actually used uf rather 
than fu, but our choice makes the relationship with Rokhlin towers less awkward.) 
If ft is minimal, A is infinite, and A meets each orbit of ft at most once, then 
C*(Z,A, ft)y is large in C*(Z,A, ft) (Theorem 7.10 of [H]). 

Subalgebras with properties similar to this one have been used in many 
other places, such as the study of crossed products of the Cantor set by free minimal 
actions of dn], but without the name), the recent proof by Elliott and Niu that 
if ft: A —>■ A is minimal and has mean dimension zero, then C'*(Z,A, ft) is Z- 
stable [5], and the proof that “breaking” the generating unitaries in an irrational 
rotation algebra gives an AF algebra |H]. See the introduction to m for a much 
longer list of applications. 

For an infinite dimensional simple unital C*-algebra A and a stably large 
subalgebra B <Z A, the following results were proved in [16]: 

• B is simple (Proposition 5.2 of (T^) and infinite dimensional (Proposi¬ 
tion 5.5 of [T6]L 

• If B is stably finite then so is A (Corollary 6.16 of [IS]), and if B is purely 
infinite then so is A (Proposition 6.17 of [TS]f . 

• The restriction maps T(A) —>■ T(B) and QT(A) —)■ QT(B) (on tracial states 
and quasitraces) are bijective (Theorem 6.2 of [16] and Proposition 6.9 
of [TS]L 

• When A is stably finite, the inclusion of B in A induces an isomorphism on 
the semigroups that remain after deleting from Cu(B) and Cu(A) all the 
classes of nonzero projections (Theorem 6.8 of [TS]f . 

• B and A have the same radius of comparison (Theorem 6.14 of [TB]L 


However, for several further results, such as ones involving stable rank one and Z- 
stability, one seems to need a stronger condition: B must be what we call centrally 
large in A. 

In this paper, we define centrally large subalgebras. We prove that a large 
subalgebra of crossed product type (Definition 4.1 below; Definition 4.9 of [TB]) is 
in fact centrally large; this result covers most of the examples which have appeared 
in applications. We then prove that if B is centrally large in A and B has stable 
rank one, then so does A. We will consider Z-stability elsewhere [T]. 
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For the application to the stable rank of crossed products, lei h: X ^ X 
be as above, and assume that X has a surjective continuous map to the Cantor set. 
(The Giol-Kerr examples [TU] have this property, because the have the universal 
odometer as a factor.) Then Y as above can be chosen to be a decreasing inter¬ 
section of compact open subsets of X. In this case, it is known that C'*(Z,X, Wjy 
is the direct limit of an AH system which has diagonal maps in the sense of [7j. 
Moreover (by [7]), a simple direct limit of an AH system with diagonal maps has 
stable rank one, even with no assumptions on the dimension growth in the system. 

We conjecture, jointly with Zhuang Niu, that C*{Z, X,h) has stable rank 
one for a completely arbitrary minimal homeomorphism h of an infinite compact 
metric space X. 

The original main application was to prove that of A is a finite dimensional 
compact metric space, and if Z‘^ acts freely and minimally on X, then C*{Z‘^,X) 
has stable rank one, using the large subalgebra of crossed product type constructed 
in This particular application has been superseded before its publication in 
two different ways. First, using centrally large subalgebras, one can in fact prove Z- 
stability, which by Theorem 6.7 of [25] implies stable rank one. Second, Z-stability 
(in fact, finite nuclear dimension) has also been obtained by different methods 
in HD. 

The paper is organized as follows. In Section]^ we establish notation and 
prove some preliminary lemmas on approximation and Cuntz comparison. In Sec¬ 
tion]^ we give the definition of a centrally large subalgebra and some variations on 
the theme. In Section [^ we prove that large subalgebras of crossed product type 
are centrally large. In Section]^ we prove some technical lemmas. In Section]^ we 
prove the main theorem and the result about real rank zero. Section 7 contains the 
result on the stable rank of C*{Z,X,h) and its application to examples, including 
those of Giol and Kerr. 

We use the following notational conventions. If A is a G*-algebra, then 
A+ denotes the set of positive elements of A. Also, A+ denotes the unitization 
of A. (We add a new identity even if A is already unital.) The notations Moo (A) 
and a 0 6 for a, 6 e Moo (A) and a,b G K ® A are described in Section i By 
convention, if we say that H is a unital subalgebra of a G*-algebra A, we mean that 
B contains the identity of A. Subalgebras of G*-algebras are always supposed to 
be G*-subalgebras. We take [a, b] = ab — ba. 

We are grateful to Francesc Perera for pointing out the reference [55], to 
Zhuang Niu for pointing out the reference [7], and to George Elliott for pointing 
out Gorollary 5 of [3]. 


2. GuNTZ COMPARISON AND APPROXIMATION LEMMAS 


We give definitions and notation related to Guntz comparison, and one 
result needed later for which we don’t know a reference. We refer to the list in 
Lemma 1.4 of m, and the results elsewhere in Section 1 of nn, for many more 
facts. Also see the survey article [2]. At the end, we prove several approximation 
lemmas which will be needed later. 

For a G*-algebra A, let M^{A) denote the algebraic direct limit of the 
system {Mn{A))‘^^i using the usual embeddings Mn{A) —)• M„_|_i(A), given by 


a i-A- 


a 0 
0 0 


4 


DAWN ARCHEY AND N. CHRISTOPHER PHILLIPS 


If a € Mm{A) and b G Mn(A), we write a © & for the diagonal direct sum 


a © 6 


a 0 \ 

0 b J ' 


By abuse of notation, we will also write a © 6 when a, b G Mca(A) and we do not 
care about the precise choice of m and n with a G M^{A) and b G Mn{A). We 
further choose some isomorphism M 2 (if) —)■ if, and for a, 6 S if © A we use the 
resulting isomorphism M 2 (if © A) —)■ if © A to interpret a © 6 as an element of 
K ® A. Up to unitary equivalence which is trivial on A, the result does not depend 
on the choice of the isomorphism M 2 (if) —>■ if. 

The following definitions are originally from [^. 


Definition 2.1. Let A be a C*-algebra, and let a,b G (if © ^)+. 

(1) We say that a is Cuntz subequivalent to b over A, written a b, if there 
is a sequence (u„)()©i in K ® A such that 

lim Vnbv^ = a. 

n—>-oo 

( 2 ) We say that a and b are Cuntz equivalent in A, written a b, if a b 
and b ^a a- 

The relation ^a is an equivalence relation. When there is no possible confusion 
about the algebra A, we suppress it in the notation. 


We will regularly use the following two families of functions. 


Definition 2.2. Let A be a C*-algebra, let a G A+, and let s > 0. We define 
{a — e)+ as follows. Let f: [0,oo) —)■ [0,oo) be the function 


/(A) 


(A - £)+ — 



0 < A < e 
e < A. 


Then define {a — e)+ = /(o) (using continuous functional calculus). 


Definition 2.3. For e > 0, define a continuous function /e : [0, 00) -G [0, f] by 

{ 0 0 < A < e 

e“^(A - s) e < X<2s 

1 2£ < A. 


Lemma 2.4. Let A be a simple unital C*-algebra, and let a,b G A^ with ||a|| = 
||fi|| = f . Then there exists c G A+ \ {0} with ||c|| < f such that c < a and c ^ b. 

Proof. Since A is simple and a,b G A are nonzero, by Proposition 1.8 of [3] there 
is a nonzero y G A such that yy* G aAa and y*y G bAb. Without loss of generality 
we may assume that |j?/|| < 1, and so yy* < 1. Set ^ = y*afl'^ and c = z*z. Then 
c = af/'^yy*< a. Also, the discussion after Definition 2.3 of [12] gives the first 
step in the calculation c ~ zz* = y*ay < yy* G bAb, so c ^ 5 by Proposition 2.7(i) 
of Hg. I 


We finish this section with several approximation lemmas. The first is 
actually a special case of Lemma 2.5.11(1) of [T3|, but the proof there is a bit 
sloppy. 
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Lemma 2.5. Suppose f: [0,1] —>■ C is continuous. Then for every e > 0 there 
exists 5 > 0 such that whenever D is a C*-algebra and x,z € D satisfy 

0 < cc < 1, ||z|| < 1, and ||[a;, z]]] < (5, 

then \\[f{x),z]\\ < e. 


Proof. We first observe that if ||a;|| < 1 and ||z|| < 1, then for n S Z>o we have 


( 2 . 1 ) 


\^]ii<Ei 


„n—k I 


X,z\\\ ■ Ijx'" ^11 < n||[x,zj||. 


k=l 


Choose n G Z>o and a polynomial g(A) = X]fc=o with coefficients 


Ok G C for k = 0,1,... ,n such that \g{A) — /(A)| < | for all A G [0,1]. Define 

<5 = 


1 +3ELi^l«fc| 


Suppose ||[a;, z]|| < d. Then, since || 2 ;|| < 1 and using (2.1) at the second step, 

n n 

\\[f{x),z]\\ < 2||/(a;) -g(a;)|| +E l«fcl ’ II < 2 (|) + '^ k\ak\S < e. 
This completes the proof. I 


k=l 


k=l 


Lemma 2.6. Suppose f: [0,1] —>■ C is continuous and /(O) = 0. Then for every 
s > 0 there exists d > 0 such that whenever D is a C*-algebra, E G D is a 
subalgebra, and a G D and b G E satisfy 

Ija]] < 1, 0 < 6 < 1, and dist{ba, E) < 6, 

then dist(/(6)o, E) < e. 

Proof. Choose n G Z>o and a polynomial g{A) = with G C for 

fc = 0,1,..., n such that Oq = 0 and 15(A) — /(A)] < | for all A G [0,1]. Define 


2(1 + jaij + ja2l + • • • + |<T„1) 

Let a G D and 6 G i? be as in the hypotheses. Choose y G E such that jj6a —yjj < 6. 
Set z = J2k=i <^kb^~^y G E. Then 

n n 

\\f{b)a - zj] < 11/(6) - 5(6)11 • ||a|| + E l“fcl ' ll^^”^ll ’ ll^“ “ 2^11 < | + E 1°"'=!'^ < 

k=l k=l 

This completes the proof. I 


The following corollary is also easy to prove directly. 


Corollary 2.7. Let D be a C*-algebra, let E G D he a subalgebra, let a G D, let 
6 G E.^., and suppose that ba G E. Let f: sp(6) -G- C be a continuous function such 
that f(0) = 0. Then f(b)a G E. 


Proof. By scaling, without loss of generality ||6|| < 1. Then we may extend / to be 
a continuous function /: [0,1] —>■ C. Lemma 2.6 now shows that for all e > 0, we 
have dist(/(6)a, E) < e.% 
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3. Definitions and preliminary lemmas 

In this section, we recall the definition of a large subalgebra, and give the 
definition of a centrally large subalgebra. We then give some convenient variants 
of the definition. 

Recall that a unital subalgebra of a unital C*-algebra A is, by convention, 
assumed to contain the identity of A. 

The definitions of “large” and “stably large” in Definition |3.1| originally 
appeared in Definition 4.1 and Dehnition 5.1 of m- The definitions of “centrally 
large” and “stably centrally large” differ by the addition of an approximate com¬ 
mutation condition. 

Definition 3.1. Let A he an infinite dimensional simple unital C*-algehra. A unital 
subalgebra B C A is said to be large in A if for every m G Z>o, oi, 02 ,..., am G A, 

e > 0, X G A^ with ||a;|| = 1, and y € i?+ \ {0}, there are ci, C 2 ,..., Cm € A and 

g G B such that: 

(1) 0<9<^- 

(2) For j = 1,2,... ,m we have ||cj — aj\\ < e. 

(3) For j = 1,2,..., m we have (1 — g)cj G B. 

(4) g A~b y and g x. 

(5) ||(l-5)a;(l-ff)ll > 1-e- 

We say that B is centrally large in A if we can require that in addition: 

(6) For j = 1, 2,..., m we have \\gaj — ajg\\ < e. 

We further say that B is stably large in A if M„(R) is large in Mn(A) for all 
n G Z>o, and stably centrally large in A if Mn{B) is centrally large in Mn{A) for 
all n G Z>o. 

We emphasize that one of the Cuntz sub equivalences in @ is relative to B, 
not to A. 

By Proposition 4.5 of [TB], when A is finite we can omit the condition 
involving ||(1 — g)x{l — (;)|| in the definition of a large subalgebra. The following 
proposition gives the same result for centrally large subalgebras. 

Proposition 3.2. Let A be an infinite dimensional simple unital C*-algebra, and 
let B d A be a unital subalgebra. Assume that A is finite and that for every 
m G Z>o, oi, 02 ,..., Om G e > 0, and y G R+ \ {0}, there are ci, C 2 , ■ ■ ■ jCm G A 
and g G B such that: 

(V 0<9<^- 

(2) For j = 1, 2,..., m we have ||cj — Oj || < e. 

(3) For j = 1, 2,..., m we have (1 — g)cj G B. 

U) 9 y and g x. 

(5) For j = 1,2,..., m we have \\gaj — ajgW < e. 

Then B is a centrally large subalgebra of A. 

Proof. The proof is the same as that of Proposition 4.5 of [16]. I 

The following lemma states that the elements Cj in the definition of a 
centrally large subalgebra can be chosen with norm no larger than the norm of 
corresponding aj. 

Lemma 3.3. Suppose B G A is a centrally large subalgebra of A. The elements 
Cl, C 2 ,..., Cm may be chosen so that \\cj || < \\aj || for j = 1,2,... ,m. 
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Proof. The proof is the same as the proof of Lemma 4.7 in [T^. I 


If we cut down on both sides instead of on one side, and the elements aj 
are positive, then we may take the elements Cj to be positive. We can still choose 
Cj with norm no larger than that of Oj. 

Lemma 3.4. Let A be an infinite dimensional simple unital C*-algebra. Suppose 
B C A is a centrally large subalgebra. Let m,n G Z>o, let 01 , 02 ,... , 0 ^, G A, let 
&i, 62 ,..., S A^, let £ > 0, let X G A^ satisfy ||a;|| = 1, and let y G \ {0}. 

Then there are Ci, 02 ,... ,Cm G A, di,^ 2 , ■ • ■,S A^, and g G B such that: 

(1) 0<9<l- 

(2) For j = 1, 2,..., TO we have \\cj — aj\\ < e, and for j = 1, 2,..., n we have 
\\dj - bjW < s. 

(3) For j = 1,2, ...,TO we have ||cj|| < ||aj||, and for j = 1,2,...,n we have 

m<\\b,\\. 

(4-) For j = 1,2,... ,m we have (1 — g)cj G B, and for j = 1,2,... ,n we have 
{1 - g)dj{l - g) G B. 

(5) g <bV and g x. 

(6) ||(l- 5 )x{l-g)|l > 1 -e. 

("f) Wgaj - a^gW < s for j = 1,2,... ,m and \\gbj - bjg\\ < e for j = 1,2,... ,n. 
Proof. The proof is the essentially the same as the proof of Lemma 4.8 in m- ■ 


Proposition 3.5. Let Ai and A 2 be infinite dimensional simple unital C*-algebras, 
and let Bi C Ai and B 2 C A 2 be centrally large subalgebras. Assume that Ai ( 8 )min 
A 2 is finite. Then Bi ( 8 )min B 2 is a centrally large subalgebra of Ai ( 8 )min A 2 . 

Proof. The proof is essentially the same as that of Proposition 5.6 of m ; we 
describe the differences. 

In place of Proposition 4.5 of m, we use Proposition 
centrally large subalgebras of Lemma 4.2 of m is obvious. 

We also need to check the approximate commutation relation in the con¬ 
clusion, that is, using the notation of the proof of Proposition 5.6 of [TC], we take 

5 = 1 - (1 - ffi) ® (1 - 92), 

and we need to prove that 

|][g, aij (g) a2,j]\\ < e 

for j = 1, 2,..., TO. For I = 1,2, since Bi is centrally large in Ai, we may require, 
in addition to the conditions demanded in the proof of Proposition 5.6 of [16], that 
\\[ 9 i,aij]\\ < |. Then also ||[1 - gi, aij]\\ < |. Therefore, using Ijl - gz|| < 1 and 
||a/j || < 1 at the fourth step, we get 

II[g, aij 0 a2,j]\\ = ||[1 - 9 , aij 0 a2,j]\\ = || [(1 - 51) ® (1 - 92), ai.j 0 a2j] || 

< ||[1 - 9 i, aij] ® (1 - 52)02^11 + ||aij(l - 9 i) 0 [1 - 92, a2,j]|| 



This completes the proof. I 


3.2 The analog for 


We now get the analog of Corollary 5.8 of m- 
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Corollary 3.6. Let A be a stably finite infinite dimensional simple unital C*- 
algebra, and let B G A be a centrally large subalgebra. Then B is stably centrally 
large in A. 


Proof. In Proposition 3.5 take Ai = Bi = Mn, A 2 = A, and B 2 


B. I 


In the definition of a centrally large subalgebra, it suffices to verify the 
conditions for 01 , 02 ,... ,am in a generating set. (We do not know the analog 
of this statement for large subalgebras. The approximate commutation relation 
makes the difference.) We do not use this result in the rest of the paper, but it 
seems potentially useful elsewhere. 

The proof requires the analog of Proposition 4.4 of [TS] . 

Lemma 3.7. Let A be an infinite dimensional simple unital C*-algebra, and let 
B C A be a unital subalgebra. Suppose that every finite set F C A, e > 0, x G A.^. 
with ||a;|| = 1, and y € B+ \ {0}, there is g G B such that: 

( 1 ) 0 < g < 1. 

(2) dist((l — g)a, B) < e for all a G F. 

(3) g A~b y and g x. 

U) \\i^ - g)xil - g)\\ > l-e. 

(5) \\ga — a(/|| < e for all a G F. 

Then B is centrally large in A. 


Let the functions 
Define a 


Proof. The proof is essentially the same as that of Proposition 4.4 of [16] , except 
with one addition. We describe only the addition. 

We verify the conditions of Definition 3.1 Let m € Z>o, let oi, 02 
A, let e > 0, let a: € A+ satisfy ||a;|| = 1, and let y G B+ \ {0}. 

/oj/ 1 ,/ 2 : [0,1] —t [0,1] be as in the proof of Proposition 4.4 of [TH| . 
continuous function /: [0, 1] —>■ [0, 1] by /(A) = 1 — /o(l — A) for A G [0,1]. Apply 
Lemma |2.5| with this function / and with e as given, getting (5 > 0. Apply the 
hypothesis with F = { 01 , 02 ,... ,am} and with min (i5, |) in place of e, getting 
go G B. (The difference is that in [TS] we used | here.) Define rg = 1 — go- Set 
5 = 1- /2(ro). 


For j = 1,2,. 
verification of ([T]), 1^ 


, m, define Cj as in the proof of Proposition 4.4 of 


The 


§, 0 , and 0 of Definition [3.1] is exactly as in [11] . To 


verify Definition 3.1[6]), for j = 1, 2,..., to we use [[goa^- — a^goll < 3, 
the choice of (5, to get \\goj — Ojg\\ < e. I 


-‘all — 


< 1, and 


Proposition 3.8. Let A be an infinite dimensional simple unital C*-algebra, and 
let B G A be a unital subalgebra. Let S G A be a subset which generates A as a 
C*-algebra. Suppose that every finite set FGS,e>0, xG A_|_ with ||a;|| = 1, and 
y G 5+ \ {0}, there is g G B such that the conditions 0, 0, 0; 0, and 0 of 
Lemma \ 3. 7] hold. Then B is centrally large in A. 


Proof. It is clear that if T C A spans a dense subset of A, then Lemma |3.7| is still 
valid if in the hypotheses we restrict to finite sets F G T. 

Now suppose that S G A generates A as a norm closed subalgebra (without 
using the adjoint), and the hypotheses of the proposition hold for this set S. We 
prove that B is centrally large in A by verifying the hypotheses of the generalization 
of Lemma 3.7 as in the first paragraph. Without loss of generality ||a|| < 1 for all 
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a £ S. If the hypotheses hold for S, they also hold for S U {!}, so we may assume 
1 e S. 

Let T be the set of all finite products of elements of S. Following the first 
paragraph, let F" C T be finite, let £ > 0, let a: S A_|_ satisfy ||a;|| = 1, and let 
y £ i?+ \ {0}; it is enough to show that there is g £ B such that the conditions Q, 
([2]), and (© of Lemma [3?^ hold. Without loss of generality e < 1. 

Since 1 G S', there are n £ Z>o and a finite set Fi C S such that F is 
contained in the finite set 

Fo = {aia2 ---a„: ai,a2 ,...,a„ G E}. 


We verify the conditions of Lemma 3.7 for Fq instead of F. 


satisfy 

then 

(3.1) 


Use Lemma 2.5 to choose > 0 such that whenever g £ and a £ A 


0<g<l, ||a|| < 1, and \\ga-ag\\<Si, 


_ nA/^n - „(1 - 5 ) 1 / 


(1-5) 


< 


n 


2 ■ 


Use Lemma 2.6 (taking 6 = 1 — 5)) to choose ^2 > 0 such that whenever g £ F+ 
and a £ A satisfy 

||a|| < 1) 0 < 5 < 1) and dist((l — g)a, B) < 82 , 

then 

dist((l-5)i/"o, B) < 

Set 5 = min (Ji, fy, . Apply the assumption with E in place of F, with 5 in place 
of e, and with x and y as given, obtaining g £ B. 

Conditions 0, @, and (|4]) are immediate. For ([^, let oi, 02,..., a„ G F. 
We use \\gaj — ajg\\ < ^ and \\aj || < 1 for j = 1,2,..., n to get 

n 

(3.2) II[5, 0102 • • • a„]|| < ^ ||ai02 • ■ ■ aj_i\\ ■ \\gaj - ajg\\ ■ \\aj+iaj +2 ■ • - anil < £• 

We verify ([^. Using i3, an estimate similar to that for ( |3.2[ ) gives 
II [(1 - g)’-/”, ai02---0fc]afe+i0fc+2---a„|| < ^ 
for fc = 1, 2,..., n. Using ((1 — g)^/”)" = 1 — g and 

III-5II, llaill, I|a2||, ||a„|| < 1, 

we then get 

n— 1 j 

(3.3) 11(1-5)0102 •• •a„-(l-g)i/"o2(l-5)'/”ai ••• (l-5)'/"a„|| 

Now for j = 1, 2,..., n, use dist((l — g)aj, B) < 62 and the choice of 62 to choose 
bj G B such that 


1(1-5)'/%-- 61 II < 


2"n’ 
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Since e < 1 and ||aj|| < 1, we have || 6 j|| < 2; also, ||(1 — gY^'^aj\\ < 1 < 2. For 
fc = 1 , 2 ,..., n, we therefore get 

\\h 1 b 2 ■ ■ ■ bk-i [(1 - gY^'^ak - bk] (1 - 5 )^/”ofe+i(l - g)^/”afc +2 ■ • ■ (1 - g)^/”a„|| 



It follows that 

Since 6162 ■ ■ - bn & B, combining this estimate with p.3[ ) gives 

dist((l — ( 7)0102 • • • On, B)<e. 

This completes the proof of ([^, and the verification of the proposition under the 
assumption that S generates A as a norm closed subalgebra. 

We now prove the proposition as stated by reducing the general case to the 
case just done. Without loss of generality ||a|| < 1 for all a G S. Set T = S U S*. 
Let e > 0, let f C T be finite, let e > 0, let a: £ A+ satisfy ||x|| = 1, and let 
y G B^ \ {0}. Choose g as in the hypotheses with | in place of e. Conditions Q, 
([^, and Q are immediate. Conditions ([^ and ([^ for elements of S are immediate. 
So let a G S*. Thus a* G S, so g* = g implies 

\\ga - ag\\ = \\a*g - ga*\\ <^< e, 

which is ([^. Also, 

dist(a( 7 , B) = dist((a( 7 )*, B) = dist{ga*, B) < 
so 

S £ 

dist(ga, B) < \\ga - ag\\ + dist{ag, B) < - + -= e, 

which is ([^. I 

4. Large subalgebras of grossed product type 

The motivating example for centrally large subalgebras (Definition |3.1[ ) is 
subalgebras which arise in the study of crossed products by minimal homeomor- 
phisms. In particular, examples of centrally large subalgebras are provided by orbit 
breaking subalgebras C*(Z, X, h)Y as in the introduction, under the condition that 
h”(F) n T = 0 for all n £ Z \ {0}. These are generalizations of Putnam’s algebra 
C*{Z, X, h){y). C C*{Z, X, h) from [3D], and the condition above, that Y meet each 
orbit at most once, was used by Putnam in Example 2.6 of m- See the discussion 
after Definition 7.3 in m for more, and for further generalizations. These are in 


has the advantage of not explicitly requiring any commutation relations. 

Definition 4.1 (Definition 4.9 of [TD|L Let A be an infinite dimensional simple 
separable unital C*-algebra. A subalgebra B G A is said to be a large subalgebra 
of crossed product type if there exist a subalgebra C C B and a subset G of the 
unitary group of A such that: 

(1) (a) C contains the identity of A. 

(b) C and G generate A as a C*-algebra. 

(c) uCu* C G and u*Gu C G for all u G G. 


fact large subalgebras of crossed product type (Definition|4.1|below). Definition 4.1 
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(2) For every m € Z>o, ai, 02 ,..., am & A, e > Q, x ^ A+ with ||x|| = 1, and 
y G -B+ \ {0}, there are Ci, C 2 ,..., G A and g G C such that: 

(a) 0 < 5 < 1 . 

(b) For j = 1, 2,..., m we have \\cj — aj\\ < e. 

(c) For j = 1, 2,..., m we have (1 — g)cj G B. 

(d) g 4 b y and g x. 

(e) 11(1-g)a:(l- 5)11 > 1 - e. 

The conditions in ([^ are the same as the conditions in Definition 
difference is that we require that g G C, not merely that g G B. In particular, we 
have the following relation between the properties. 

Proposition 4.2 (Proposition 4.10 of [T^). Let A be an infinite dimensional sim¬ 
ple separable unital C*-algebra, and let B G A be a subalgebra. If B is a large 
subalgebra of A of crossed product type in the sense of Definition \4-i\ then B is a 
large subalgebra of A in the sense of Definition \3. i| 

Proof. This is immediate from the definitions. I 

In the basic examples, G will be a discrete amenable group, A will have 
the form A = C*{G, X) for some essentially free minimal action of G on a compact 
metric space X, the set G in the definition will be the standard copy of the group G 
in G*(G, X), the subalgebra G will be G{X), and B will be a subalgebra of A which 
contains G{X) but is, informally, much closer to A than to G{X). However, in the 
definition we do not require that G be commutative, and we do not require that 
G be a group. In particular, the definition may be applicable to crossed products 
of noncommutative C*-algebras, to cocycle crossed products, and to quotients of 
some nonsimple crossed products. However, something more complicated may well 
be needed for use with groupoid C*-algebras or more general crossed products. 

The main result of this section is that large subalgebras of crossed product 
type are centrally large. To improve readability, we isolate several parts of the 
argument as separate lemmas. 

Lemma 4.3. Let A be a C*-algebra, let e, p > 0, and let a, b, d, r,x,y G Asa. satisfy 
the following: 

a < d <b, \\b — o|| < e, ||a — a;|| < p, ||r — y|| < p, x < r, and y <b. 

Then ||d — r|| < e + p. 

Proof. Subtracting d from all the elements listed, we reduce to the case d = 0, and 
we must prove that ||r|j < e + p. 

Since ||a — x\\ < p, we have a — p < x. From ||a — 6 |j < e and 6 > 0, we get 
—e < a — b < a. So—e — p<a — p<x<r. 

From ||r — y\\ < p we get r < y p. Since a < 0 and ||6 — a|| < e, we have 
y<b<b — a<e. Therefore r < e + p. Combining this with the conclusion of the 
previous paragraph, we get ||r|| < e + p, as desired. I 

Lemma 4.4. For every e > 0 there is 6 > 0 such that whenever A is a C*-algebra 
and e,x G A satisfy 

0<e<I, 0<a:<I, and \\ex — x\\ < <5, 

then \\e^/'^x — x|| < e. 


3.1 the 
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Proof. Choose a polynomial po(A) = J2k=o with coefficients /3fc G M such that 
|po(A) — < I for all A G [0,1]. Define 

n 

ao = 0, ai = l —^/3fc, a2 = (32, oi^ = (3^, 


— i^n • 


fc=2 


Since |po(0)| < I, we have |ao — /^o| < §• Since \po{l) — 1| < |, we have 


|ai - /?i| = 




k^2 


< 






+ |/3o| = |l-po(l)| + |/3o|<^. 


Therefore, for A G [0,1], the polynomial p{X) = Efc=o satisfies 

|p(A) - A^/^l < |ao - /3o| + |ai - ^i|A+ |po(A) - A^/^| <| + y + | = |' 

Moreover ao = 0 and J2k=o = 1- 
Define 

<5 = 


1 + 2 ELi ^lo'fcl 

Suppose now ||ex — x\\ < 5. An induction argument, using the estimate 

\\e^x - a:|| < ||e''“^|| • \\ex - a:|| + \\e^~^x - a;||, 

shows that for all k G Z>o we have ||e^a; — x\\ < k6. Now, using J2k=i = a: at 
the second step, we get 

— a;|| < — p{e) 


||a:|| + ||p(e)x-a:|| 

n n 

< II-p(e)|| + ^ |afc| • He'"a; - x\\ < ^ ^ A:|afe|i5 < £. 

This completes the proof. I 


k=l 


k=0 


Lemma 4.5. Let A be a simple unital C*-algebra, let B G A be a large subalgebra 
of crossed product type (Definition \f.l^ , and let C C B be the subalgebra of Defini¬ 
tion f.l Assume B ^ A. Then for every y G B+ \ {0} there is z G C+ \ {0} such 
that z y- 


Proof. Choose any a G A such that dist(a, i?) > 2. Definition 4.1 gives c G A and 
g G C such that 

0<ff<l, ||c-a||<l, {l-g)cGB, and g 4b y- 

The second condition implies that c ^ B, so the third condition implies that g 0. 
Therefore the lemma is proved by taking z = g. M 

Theorem 4.6. Let A be a stably finite simple unital C*-algebra, and let B G A 
be a large subalgebra of crossed product type (Definition 4^.1). Then B is centrally 
large in A (Definition \3.1\ ). 

We hope that finiteness of A is not necessary, but we do not know how to 
prove this. The difficulty is with condition ([^ in the proof; when A is finite, this 
condition is, in effect, automatic. 

We will use a weak (and obvious) variant of Proposition 3.8 we only restrict 
to a generating set to verify the approximate commutation condition. 
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Proof of Theorem \4.6[ For a finite set T and bt £ A for t £ T, we take h £ 

M(.ard(T)(^) to be the diagonal matrix with diagonal entries bt for t £ T. (The 
order won’t matter in this proof.) In particular, ©tg-p 6 is a card(T) x card(T) 
diagonal matrix with all entries equal to b. 

It B = A, then the conclusion is trivial. (We can always take g = 0.) We 
may therefore assume that B A. 

We must prove that for every m £ Z>o, oi, 02 ,..., Om £ A, e > 0, x £ A+ 
with ||a;|| = 1, and y £ B+ \ {0}, there are ci, C 2 ,..., Cm £ A and g £ B such that: 

(1) 0<g< 1. 

(2) For j = 1,2,..., m we have \\cj — Oj || < e. 

(3) For j = 1,2,..., m we have (1 — g)cj £ B. 

(4) g y and g x. 

(5) ||(l- 5 )a;(l-g)|| > 1 - e. 

(6) For j = 1, 2,..., m we have \\gaj — ajg\\ < e. 

It is clearly equivalent to choose some fixed set S' C A which generates Al as a C*- 
algebra, and then to prove that for every m £ Z>o, oi, 02 ,..., Um £ A, finite subset 

F C S, s > 0, X £ A+ with ||a:|| = 1, and y £ B^ \ {0}, there are ci, C 2 ,... ,Cm £ A 

and g £ B such that 0, 0, 0, 0, and 0 above hold, and such that in place 
of 0 the following holds: 

(7) For every x £ F we have \\gx — xg\\ < s. 

Now let C C i? and G C A be as in Definition |4T] We take the set S above 
to be the union of G and the unitary group of C. Then S is a set of unitaries which 
generates A as a C*-algebra, and uCu* C C and u*Cu C C for all u £ S. 

Let m £ Z>o, let ai,a 2 ,...,am £ A, let F C S be finite, let £ > 0, let 
X £ A+ satisfy ||a:|| = 1, and let y £ B+ \ {0}. Choose n £ Z>o such that 

Set 

Fo = {l}, =FUF*U{1}, F2 = F,F,, F3 = FiF 2, ..., F„ = FiF„_i. 

Set N = card(F’i). Use Lemma 2.9 of [TB] to choose yo € {xAx)-\. \ {0} such that: 

(8) If g e A+ satisfies 0 < g < 1 and g yo, then ||(I — g)a;(I — g)|| > 1 — e. 
In particular. 


(4.2) 


go 4a X. 


Proposition 4.2 implies that i? is a large subalgebra of A, and Proposition 5.2 of [TB] 
now implies that B is simple. Use Lemma 5.3 of m with r = I, a = go, and £ = I 
to choose gi £ B+ \ {0} such that 


(4.3) 


gi yo- 


(We don’t need part (3) of the conclusion of this lemma, and part (1) is only used 
to ensure that gi ^ 0.) Use simplicity of B and Lemma 2.6 of m to choose 
g 2 £ \ {0} such that 


(4.4) y2 4b gi and g2 4b y- 

Since B is simple. Lemma 2.4 of m provides a nonzero positive element ga £ y 2 By 2 
such that the following condition holds: 
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(9) There are iV" ^ + 1 orthogonal positive elements in each Cuntz 

equivalent in B to y 3 . 

Now use Lemma 4.5 to choose zq G C+ \ {0} such that 
(4.5) 00 4b ys- 


Then u *zqu G C C B for all m G F„_i. Use Lemma 2.6 of [TB] (applied to B) to 
choose 01 G B+ \ {0} such that 


(4.6) 


01 4b U ZqU 


for all u G Fn-i- Then use Lemma 4.5 to choose 0 G C+ \ {0} such that 
(4.7) 0 4b zi- 


Since A is simple, Lemma 2.4 of m provides a nonzero positive element 
xq G xAx such that the following condition holds: 

(10) There are card(F„_i) orthogonal positive elements in xAx, each Cuntz 
equivalent in Atox^. 

Apply Definition |4.1| with oi, 02 ,..., Om, and e as given, and with 0 in 
place of y and xq in place of x. Let ci, C 2 ,..., Cm G A and go & C he the resulting 
elements. In particular. 


(4.8) 


5 o 4b z and xq. 


Choose Eo > 0 so small that the following three things happen: 


( 11 ) 

( 12 ) 

(13) 


^0 < I- ^ 

The choice 2eo can be used for S in Lemma 2.5 when e there is taken to 
be I and when f{x) = 

The choice eg can be used for 6 in Lemma ' 


4.4 


when e there is taken to be 


For A: = 0,1,..., n and all u G Fk, we have ugou* G C. For fc = 0,1,..., n, 
let Dk G B he the hereditary subalgebra of B generated by all ug^u* for u G Fk- 
Then uDkU* C Dk+i for u G Fi and fc = 0,1,..., n — 1. By induction, choose 


9 i & Di, 32 € 7?2, ..., 3n G 

such that 

(4.9) 0<3fc<l and \\gkugiu* - ugiu*\\ < Eq 

for 

fc = 1, 2,..., n, u G Fi, and Z = 0,1,..., A: — 1. 
Now define 

n-i \ 1/2 


(4.10) 




To 


9k 


(1 - r = Tgro, and g = 1 - r. 




We verify conditions 0 , (§, (§, 0 , 0 , and 0 . 

For 0 , we clearly have |jro|| < 1, so 0 < r < 1, whence 0 < 3 < I. 
Condition 0 follows from the choi ce o f Ci, C 2 ,..., Cm- 
We verify condition (|3|). Corollary 2.7 implies that (1 — 30 )G B for 


j = 1,2,..., TO. Since (1 — 30 )^^^ G B and 1 — ^ J^k=i 9 k G B, it now follows that 
rcj G B for j = 1, 2,..., TO. This is 0. 
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Now we prove 0 and (§. Set 

. n —1 

(4.11) s = 1 - (1 - and h=-^gk. 

k^O 


Then s = f{go) for the continuous function /: [0,1] —)■ [0,1] given by /(A) = 
1 — (1 — Since /(O) = 0 and ^ if follows that s G Dq c Also 

h- ^90 & Dn-i- Therefore 

5 = 1 - r = 1 - (1 - s) [1 - (h - ^go)] (1 - s) 

= 2s + h- ^go- s{h - ^go) - - {h - ^go)s + s[h - \go)s G D^-i. 

Now d = J2ueF _ ^ 9 ou* satisfies dDn-id = Hn-i- In B, using Proposition 2.7(i) 
of [H] at the first step and ( |4.8[ ) at the second step, we now get 

g =4 b ugou* =4 a 0 uzu*. 

ueF^_-L mGF„_i 


For u G Fn-i, we have z u*Zou by (4.71 and (4.61, so uzu* =4 a zq. Thus, 
using (4.5) at the last step, 

0 uzu* =4 a 0 Zo 0 2/3. 




uGF„_i 


^6F„_i 


Now 


2/3 0 0 Vs =4 b 2/2 


UGFn-1 


by 0. Thus ys (B g =4 a 2 / 2 . Corollary 5.8 of [TB] implies that B is stably large 
in A. So we can apply Lemma 6.5 of [T^, with a = g, b = 92 , c = 2/3i and 

x = 93 , to get g 4b 92 - Thus (^ gives g 4b 2/2 4b 9 - By ( |4!4| and ( |T3| we also 
get g 4b 92 4b 2/i 2/o, so ([^mplies that ||(1 - g)x{l - 5 )|| > 1 - e, and ( |40 ) 

implies g x. 

Finally, we prove 0. We first claim that 


(4.12) 

It is enough to prove that 


1 

I - 50, I- 

-n 


9k 


k=l 


< 2£o. 


n—1 


1 

SO.-Y. 


9k 




< 2eo. 


The claim thus follows by using (4.9) to get, for fc = 1, 2,..., n — 1, 

ll5fc5o - 5o5/c|| < ll5fc5o - 5o|| 0 ||5o - 5o5fc|| < £0 0 £0 = 2£o. 


Using (12) and (4.12), we get 


n—1 


1 

(l-5o)^/^ I - 


fc=l 


£ 

< -• 


Therefore 

(4.13) 
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(4.14) 


Recall the definition of h in ( 4.11| ). We now claim that 

\\h-g\\<l 


To prove this, we use (4.13) and g = I — r (from (4.10)) at the first step, 1 S Fi 
and (4.9) at the third last step, and 0 at the second last step, to estimate 


\h-g\\<^ + 


1 - (1 - So) 1^1 - - ^ 5 fc j -h 

- n—1 - n—1 - n—j. 

-'^9k - - gogk - - Y 

71 t ^ Tt < ^ 71 t ^ 


n—1 


go 


gk 


k=l 


n —1 


1 


k=l 

n—1 


/c=0 


- 9{)9k 

n 

fc=i 


n—1 


1 IL— ± 


9^9k\ 




£ £ £ £ 

- 8 + 8 = 4- 

The claim is proved. 

We next claim that \\uhu* — /i|| < | for u G F. Set g-i = 0 and define 

^ n—1 - n—1 

-L 1/2 * 1/2 * J n ^ 1/2 =ic 1/2 

e = - 2^ ugk u gk-iug^ u and / = - 2^ g^+iugku 


fc=0 




We will apply Lemma [43| with 

n—2 

1 

a 


^ n—2 ^ n 

= ~Y9k, b=-'^gk, d = h, r = uhu*, x = e, y = f, 




k^O 


and with ^ in place of e and | in place of p. We verify its hypotheses. The relation 

^ n—2 ^ n 

-Y9k<h< -'^gk 

fe=0 /c=0 


is clear. We also have 


Y9k--Y9^ 




fc=0 


<-(||5„-i|| + ||s«ll)<- 
n n 


The relation / < ^ J2k=o 9k follows from go > 0 and 

9liY9kU*gki] < \\ugku*\\gk+i < gk+i- 

The proof of the inequality e < uhu* is similar. 

We now check that 

II I 

(4.15) 


e--Y9k 

n 


£ 

< -. 
- 4 


For /c = 1, 2,..., n — 1, use (4.9) and (13) at the second step to get 

II 1/2 * II II 1/2 * * II ^ 

\\ugk u 9k-i - 9k-i II = lISfe u 9k-iu - u gk-iu\\ < 


Taking adjoints gives also 


1/2 * 

lugk -a 
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So 


I 1/2 ♦ 1/2 * II ^ ^ 

\ugy: u Qk-iug^' u - gk-i\\ < -■ 


Since g-i =0, we therefore have 


- n—2 

■- 

n. 


fc=0 


n—1 


1 1/2 * 1/2*1 

u gk-iug^ u --2^9k-i 


k=l 


^ 1 II 1/2 * 1/2 * II ^ ^ 

- ^ Ir^fe w 9k-iug^ u - gk-i\\ < -• 


k=l 


This is (4.151. 


Similar reasoning to that of the previous paragraph gives 

II 1/2 * 1/2 *11 £ 

\\9k+i'^^9ku 9k+i - ugku || < - 


for fc = 1, 2, ■ ■ •, so that 

11/ - uhu*|| <-Y^ \\9k+iU9kU gl'^^ - 


n—1 


A;=0 


ugkU II <^- 


This completes the verification of the hypotheses of Lemma |4.3[ Applying this 

le second step, 

\\uhu* — h\\ < 


lemma, and using (4.1) at the second step, we get 

2 
n 


£ £ 
4^2' 


Combining this estimate with (4.14), for u £ F we now have 


ll[5,u]ll = \\ 9 -ugu*\\ < \\h-uhu*\\ + 2||5 - h|| < | + 2 = £. 

This completes the proof of condition ([^, and the proof of the theorem. I 

5. Replacing the matrix decomposition 

One frequently used technique in C*-algebras with many projections is 
decomposing the identity into orthogonal projections in order to create a matrix 


decomposition of some element of interest. Lemma 5.4 below creates a decompo¬ 
sition of the identity into three positive elements zi, Z 2 , and Z 3 (which are not 
mutually orthogonal). These elements are used to simulate a 3 x 3 matrix decom¬ 
position of an element of the C*-algebra. It is helpful to think of the following 
picture. 



Lemma |5.2| is a technical lemma using two related decompositions of the 
identity into three positive elements and simulating a 5 x 5 matrix decomposition 
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of an element of the C*-algebra. Lemma |5.2| is used to prove Lemma |5.4 
following is the motivational picture. 


The 



bi 

bi 

bs 

Cl 

C 2 

C 3 


The next lemma is used repeatedly, but often implicitly, in the proof of 
Lemma 15.21 


Lemma 5.1. If y and z are orthogonal positive elements of a C*-algebra A and 
w G Ay and x G zA, then wx = 0 . 

Proof. The statement is true if w G Ay and x G zA. Take limits. I 

Lemma 5.2. Let A be a finite unital C*-algebra and let a G A. Let B G A 
be a unital subalgebra with tsr(i?) = 1. Suppose there exist positive elements 
^ 1 , ^ 2 , ^ 3 , Cl, C 2 , C 3 G B such that: 

( 1 ) 61 +62 + ^>3 = 1- 

(2) Cl + C 2 + C 3 = 1 . 

(3) C*( 6 i, & 2 , & 3 , Cl, C 2 , C 3 ) is commutative. 

(4) bici = Cl. 

(5) bscs = C 3 . 

(6) boCo = 62 . 

( 7 ) C1&2 = C362 = 0 . 

( 8 ) 6163 = 0 . 

(9) C2ac2 G C 2 BC 2 . 

(10) bia = ab^ = 0 . 

Then for all s > 0 there exists an invertible element y G A such that ||a — y\\ < s. 
Proof. The relations in the hypotheses imply: 

( 5 . 1 ) Cl 63 = C16163 = 0 . 

( 5 . 2 ) C1C3 = C163C3 = 0 . 

( 5 . 3 ) 61C3 = 5163C3 = 0 . 

From Q we get 

( 5 . 4 ) 1 = Cl + (61 - Cl) + 62 + (63 - C3) + C3. 

We wish to use this decomposition of the identity to decompose a. Therefore, make 
the following definitions: 

( 5 . 5 ) 

( 5 . 6 ) 

( 5 . 7 ) 


03,1 = &2aci. 
03,2 = 620(61 - Cl). 

03,3 = 62062. 
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(5.8) 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

(5.13) 
Then 


04.1 = {bs - C3)aci. 
04,2 = (^3 - 03)0(61 - Cl). 

04.3 = (63 - 03 ) 062 . 
05,1 = C 3 OC 1 . 

05,2 = 030(61 — Cl). 
05.3 = C 3062 . 


(5.14) 


5 3 

Y. Y ® 

j=3 fc=l 

by (5.4) and the hypotheses , and ([ 5 ). 

We have, using Q at the first step,^^ at the second step, and (5.3) at the 
third step, 

61 - Cl = 61(1 - Cl) = 61 (C2 + C3) = 61C2. 

Similarly 63 — C3 = 63 C2. Also using (|^, it follows that 

O3.2, 03_3, 04,2, 04,3 S C 2 Bc 2 ', 


in fact, 04^3 € (63 — 03 ) 562 . Since 62 C 2 = 62 , we have 62062 G 62^62 C C 2 BC 2 . 
Furthermore, since B has stable rank one, 62^62 and C 2 BC 2 also have stable rank 
one. 

Set 


6 = min 


6 | 1 o 3 p + 04,1 + 05,1 II ’ V 6 ’ 3/ 


e e 


Since 03,3 € 62 ^ 62 , there is an invertible element to G 62^62 + C • 1a with 

(5.15) Po - 03.311 < 

Then there are 64,62 G 62^62 and Ai G C such that 60 = 64 + AiIa and 6 ,^^ = 
62 + Ai ^1 a- 

We claim that 

( 5 . 16 ) ((03,1 + 04,1 + 05.i)6(C^)^ = 0 . 

To prove the claim, we first observe that, using the hypothesis ([^ and Lemma 5.1 
at the second step, we get 

(03,1 + 04.1 + 05.1)60 = (03.1 + O4.1 + 05.i)(6i + Ai) = (03.1 + 04.1 + 05.i)Ai. 
Therefore 

O3.I + O4.1 + O5.1 = (03.1 + O4.1 + 05.1)6060 ^ = (03.1 + O4.1 + 05.i)Ai6q 

Using (5.1), ( |5.2| ), and the hypothesis 0 at the second step, this implies 

((03.1 + O4.1 + 05.i)6q = (03.1 + O4.1 + 05.i)^A]^ ^ = 0 . 

The claim is proved. 
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Now we compute 

( 5 . 17 ) (^ 3,1 + 0 - 4,1 + 05,1 + ^o) ^0 ^ [l ~ (03,1 + 04,1 + 05,1) to 

= ( 03,1 + 04,1 + 05 , 1 ) ^0 ^ ~ ((®3,1 + 04,1 + 05 , 1 ) tp 


+ 1 — ( 03 P + a 4 p + 054 ) t, 


-1 


= 1 . 


Because A is finite, every one sided invertible element is invertible. So 03 ^ + 044 + 
05,1 + to is invertible, with 


(5.18) 


(03,1 + 04_1 + 05^1 + to ) — tp ^ [1 — (O3P + 04^1 + 05^1) tg . 


Using our expression for tg ^ in the first step and using Lemma 


5.1 


twice 


in the second step, once with y = ci and z = 62 and once with y = ci and z = 
(using ( |5.1[ )), we compute 

(5.19) ( 03,1 + 04 p + osp) tg ^63 = ( 03 P + a 4 p + osp) (^2 + &3 = 0. 

Similarly, 

(5.20) ( 03,1 + 04 p + osp) tg ^62 = 0. 

From (5.19) and the hypothesis ([^, we get 

(5.21) ( 03 P + a 4 p + a 5 p)tg = 0 and (ogp + a 4 p + a 5 p)tg ^(63 — C3) = 0. 


Next we multiply, using (5.18) at the first step, and at the last step using 


t2 £ 6 2 7 ?1)2 toget her w ith the hypothesis on the terms t2ao,2 and t205p, and 
using ( 5 . 20 ) and ( 5 . 21 ) on the terms starting with t^C^: 

(5.22) tg ^ [1 — (ogp + a4p + Ogp) tg 

■ (03,1 + Ogp + tg + a4p + a4p + a4p + agp + Ogp + Ogp) 

= 1 + tg ^ [1 — (ogp + a4p + Osp) tg 

■ (03,2 + 04P + 04^ + Osp + Osp) 

= 1 + [t 2 + A]^ ^ — tg ^ (03,1 + 04 p + Os,l) tg 

■ (03,2 + 04p + a4p + Os,2 + 03,3) 

= 1 + t 203 p + t2a4p + t 204 p + t20s,2 + ^203,3 

+ \i ^Ogp + A]^ ^ 04 p + A]^ ^ 04 p + A]^ ^Osp + Aj^ ^Ogp 

— tg ^(ogp + a4p + Ogp)tg ^Ogp 

— ig ^( 03,1 + a4p + Ogp)tg ^(o4p + 04p) 

— ^g ^(03,1 + a4p + Ogp)tg ^(Ogp + Ogp) 

= 1 + t 203 p + t2a4p + t 204 p + A^ ^Ogp 

+ A]^ ^04p + A]^ ^04p + A]^ ^Ogp + A^ ^Ogp. 


Set tg = t 204 p + 1. Since t 2 G b 2 Bb 2 and 04 ^ € (63 — co)Bb 2 , we have 


tg £ b2Bb2 + C • Ip. Thus there is an invertible element t 4 £ 62S&2 + C • Ip with 

(5.23) ||t4-t3|| <<5. 


So there are tg, tg £ b 2 Bb 2 and Ag G C such that t4 = tg+Aglp and = tg+Ag ^Ip. 
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An argi^ent similar to that for Equation (5.16), using (5.2), (5.3), and 

.-l, - - - 


the hypothesis ( 1 ^ gives ^( 05,2 + 05 _ 3 )) = 0. Define 


Thus 

(5.24) 


— ^^5,2 + \ ^ 05 , 3 - 


(^4 ^wf = 0. 


A computation similar to the one for Equation (5.17) shows that r/; + <4 is invertible, 
with 

(5.25) {w + U)-^ = 

Applying Lemma 5.1 and using (5.3), the hypothesis ([^, and the relations 
te S 62562 , 61 e biBbi, and 05,2 + 05,3 S C 3 A, 

we get 

(5.26) 

Similarly, 

(5.27) 

Hypothesis (|^ and the relation (5.26) also imply that 

(5.28) cit^^w = 0 and {bi — ci)t^^w = 0. 

Define 

67 = 1 + 6203 , 2^6 + ^2^4, 2^6 + ^ 03 , 2^6 + -^1 ^04,2^6 + ^04,3^6 

+ Ag ^6203,2 + Ag ^6204,2 + A4 ^Ag ^ 03^2 + ^ Ag ^a 4^2 + A4 ^Ag ^ 04 , 3 ' 


6464 = bit^w + 61 Ag = 0. 


6264 w = 0 . 


One checks that O € C 2 Bc 2 +C- 1a, which has stable rank one by hypothesis. Thus 
there exists an invertible element ts G C 2 BC 2 + C • 1a such that 


(5.29) 

Set 


y = (03.1 + 04,1 + 05,1 + ^o) ts(w + ti). 


Then y is invertible by (5.18) and (5.25). 

We claim that ||a — ?/|| < e. To prove the claim, we begin with the following 
com putat ion. In the first step we multiply out, cancel t he te rms ±wtj , and 
use (5.24) to see that = 0. The second step uses (5.27) and (5.28) to see 

that the terms involving vanish. The third step is obtained by substituting 

^4 ^ = ts + A^^l^ and comparing with the definition of 67 . We have: 

(5.30) 

(^203,2 + 004,2 + O + A4 ^03,2 + A4 ^04,2 + A4 ^04^3 + in) • [1 — 0 ^in] 0 ^ 

= 1 + 6203,20 ^ A 6204^264 ^ + A4 ^03^264 ^ + A4 ^04^264 ^ + A4 ^04^364 ^ 

— 6203,264 ^in 64 ^ — 6204^264 ^11164 ^ 

~ A4 ^03^264 ^11164 ^ — A4 ^04^264 ^in64 ^ — A4 ^04^364 ^ 

= 1 + 6203^264 ^ + 6204^264 ^ + A4 ^03^264 ^ + A4 ^04^264 ^ + A4 ^04^364 ^ 

= 67 . 
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Next, using (5.25) at the first step, (5.30) at the second step, and the choices of ^4 
and tg at the third step, we get 

(5.31) 

II 1 + ^203,2 + ^ 204 ,2 + ^ 2 ^ 4,3 + -^1 ^03^2 + -^1 ^^ 4,2 + ^04^3 W — tg(^W + ^4) || 

< ||1 + ^ 204,3 — ^411 

" 1 “ II (^203,2 + ^ 2 ^ 4,2 + ^4 + A]^ ^03,2 + A]^ ^04,2 + A]^ ^ 04,3 + ic) 

• (1 - + U ) 

-ts{w + ^ 4 ) II 

< ||1 +t2a4,3 - ^411 + 11^7 - fall • \\w + t4\\ 


<s + 


- ^ 4 !! + 1 


|w +14|| < 2S. 


Then we compute as follows, using ( 5.14[ ) and the definitions of y and w at the first 
step, (5.17) at the second step, (5.22) and the definition of w at the third step, 
and ( |5.31 ) at the fourth step, 

||a - y\\ = ||a 3 ,i + 03,2 + 03,3 + 04,1 + 04,2 + 04,3 + 05,1 + Aiw 
~ (^ 3,1 + ® 4,1 + ^ 5,1 + to ) t 8 iw + t 4 ) II 

< ||03,3 — ^oll 

+ II (“3,1 + 04,1 + «5,1 + ^o)fo ^ [1 ~ (®3,1 + ^4,1 + fl5,l)fo 

■ (03,1 + 0,3,2 + fo + 04,1 + 04,2 + 04,3 + 05,1 + Aiw) 

~ ( 03,1 + 04,1 + 05,1 + to)ts{w + t4)|| 

< 5 + llog^i + 044 + 05^1 + toll 

• II 1 + ^ 203.2 + ^204 ,2 + ^204,3 + A 4 ^ 03,2 + A^ ^04,2 + ^04,3 

+ W - ts{w + t4)|| 

< ^ + 2(5||a3j + 04^1 + agj + toll 

s 2s 

< 5 + 2(5||a3,i + 04 1 + 05 1 + 03 3II + 2(5||a3 3 — to|| < x + —I" 2^^ < e. 

3 0 

This proves the claim and completes the proof. I 

Lemma 5.3. Let A be a C*-algebra and let B iz A be a subalgebra. Suppose a G A 
and b € B^. satisfy bab € B. Let f: sp(6) —>■ [0,oo) be a continuous function 
vanishing at zero. Then f{b)af{b) € f{b)Bf{b). 

Proof. We have 6^/"o6^/"' S B by a standard polynomial approximation argument. 
Also, for all k G Z>o we have lim„_>oo = b^. Therefore polynomial approx¬ 
imation gives lim„_>oo= fib). Similarly lim„_>oo = fib). The 

result follows. I 

Lemma 5.4. Let A be a finite unital C*-algebra and let a G A. Let B Z A be a 
unital subalgebra with tsr(i?) = 1. Suppose there exist zi,Z 2 ,Z 3 € B such that: 

(1) Zi,Z2,Z'i > 0. 

( 2 ) zi + Z 2 + = 1 . 

(3) Z 1 Z 3 = 0. 
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Zia = 0. 

(5) az 3 = 0 

(6) Z2az2 G B. 

Then for all e > 0 there exists an invertible element y G A such that \\y — a|| < e. 


Proof. We verify the hypotheses of Lemma 5.2 Let f,h: [0,1] —>■ [0,1] be defined 
by the formulas 


/(A) = 


and 


h(A) = 


'O AG[0,i] 

2A- 1 A G [|,1] 

Then fh = f. 

Define positive elements 5i, 62,63, ci, C2, C3 G A by 


2A A G [0 A] 

1 Ag[|,1]. 


bi=h{zi), b2=f{z2), b3 = h{z3), a = f{zi), C2 = h{z2), C3=f{z3). 


Set D = C*{zi,Z2,Z3). Since D = C*(l, zi, Z3) and Z1Z3 = 0, we see that D is com¬ 
mutative. So there is a compact metric space X and an isomorphism D = C{X)^ 
which we treat as an identification. It also follows that C*( 6 i, 62 , ^3, ci, C2, C3) C D 
is commutative. We have 02002 G 02 S 02 by Lemma 


5.3 


Identifying D = C{X) as above, for j = 1,2,3 set 


Uj = {x G X: Zj{x) > 0 } and Vj = {x G X: Zj{x) > 5 }. 

From the definitions of / and h, we see that if Ai, A 2 G [0,1] satisfy Ai -I- A 2 = 1, 
then /(Ai) -I- h{X 2 ) = 1. Since Ui Cl U 3 = 0 and zi + Z 2 + Z 3 = I, it is now easily 
checked that 


^1 + ^2 + ^3 — 1 ) 
The relation fh = f implies 

5iCi = Oi, 


Cl + 02 -|- 03 = 1 , and 6163 = 0 . 


62 O 2 = 62 , and 63 O 3 = 03 . 


For X G X, we have oi(a::) 7^ 0 if and only if a; G Vi and 62(2;) 7^ 0 if and 
only if a; G ¥ 2 - Clearly Vi n V 2 = 0, so 0162 = 0 . Similarly C362 = 0 . We have 
61O = 0 by Lemma|5.1|and similarly 063 = 0 . This completes the verification of the 


hypotheses of Lemma 5.2 I 


6. Centrally large subalgebras and stable rank one 

In this section we will prove the main theorem (Theorem |6.3[ ), which says 
that a C*-algebra with a centrally large subalgebra which has stable rank one must 
itself have stable rank one. If the subalgebra also has real rank zero, we further 
show that the containing algebra does as well. 

The proof of Theorem |6.3| proceeds via two technical lemmas. The first is 
a version of the definition of a centrally large subalgebra in which the element g is 
replaced by a tower of elements. 

Lemma 6.1. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let B G A be a centrally large subalgebra. Then for all m, N G Z>o, oi, 02 ,..., am G 
A, e > 0, X G with ||a;|| = 1, and y G B+ \ {0}, there are ci,C 2 , ... ,Cm G A and 
go, gi,. ■., gN G B such that: 

(1) 0 < < 1 /or n = 0,1,..., and gn-ig-a = gn for n = 1,2, ..., N . 

(2) For j = 1,2,... ,m we have \\cj — Oj || < e. 

(3) For j = 1,2,... ,m and n = 0,1,..., N, we have (1 — gn)cj G B. 
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(4) For n = Q,l,... ,N, we have Qn y and =4A x. 

(5) For n = 0,1,..., we have ||(1 — gn)x{\ — gn)\\ > 1 — e. 

(6) For j = 1,2,... ,m and n = 0,1,..., N, we have Wg-ndj — < £■ 


As we will see in the proof, it is enough to take n = 0 in Q and ([^ and 
n = N \n 


Proof of Lemma \ 6 l\ Without loss of generality ||aj|| < 1 for j = l,2,...,m and 

e < 1. 

Define continuous functions ko,ki,... ,kN- [0,1] —>■ [0,1] as follows. Set 


fco(A) 

For n = 1,2,... ,N, set 


(1-1) 'a 0<A<1-| 
1 1 - I < A < 1. 


fc„(A) 


0 

2"+2e-i(A-l + 2-"-ie) 
1 


0 < A < 1 - 2-^-^e 
1-2-^-^e < X< 1-2-^-^e 
l_2-"-2e< A< 1. 


Then kn-ikn = kn for n = 1,2,... ,A^ and |fco(A) — A| < | for all A G [0,1]. For 
n = 0,1,..., A^, in Lemma [23| choose S„ > 0 for f = kn and with e as given. Set 

(5 = min [5q,6i, ... ,5^,1) ■ 

Apply Definition |3.1| with 5 in place of e and with m, oi, 02 ,..., am, x, y as given, 
getting Cl, C 2 ,..., Cm G A and g G B as there. For n = 0,1,..., A^, set = kn{g). 
We verify the conclusions of the lemma. 

Conclusion Q is clear from the construction. Conclusion Q is immediate. 
For conclusion ([^, observe that 1 — gN is gotten from 1 — by functional calculus 
using the function A 1 — kif{l — A). This function vanishes at 0, so for j = 
1, 2,..., m we have (1 — gN)cj G i? by Corollary 2.7 Now for n = 0,1,..., A^ — 1, 
we have (1 — gn)cj = (1 — ffn)(l — gN)cj G B. For conclusion Q, use Lemma 2.2(i) 
of [H] to get go =4 g. For n = 1, 2,..., A^, we then get gn ^ g since gn < go- 
For conclusion we start with the calculation 


(3) 


>l---2(-)=l-e. 


11(1 - ffo)a;(l - go)|| > \\il - g)x{l - g)\\ -2\\g-go 
For n = 1,2,... ,N, use (1 — gnY ^ (1 — 5o)^ at the second step to get 
11(1 - gn)x{l - gn)\\ = ||a:^/^(l - gnfx^/‘^\\ > \\x^^^{l - go)^x^/^ 
= ll(l-5o)a;(l-5o)|| >l-e. 

Conclusion ^ follows directly from the choice of (5„. I 


Lemma 6.2. Let m,n, N G Z>o. Let A be an infinite dimensional simple separable 
unital C*-algebra. Let B C A be centrally large in A and suppose that tsr{B) = 1. 
Let xi,X 2 , ■ ■ ■ ,Xn G A+ be positive elements of norm one. Let oi, 02 ,..., am G A be 
arbitrary. Then for all e > 0 there exists h G B with 0 < h < 1, there exist r^^i G B 
for k = 1,2,... ,n and for I = 0,1,..., N — 1, and there exist 61,62 ■ • ■, € A such 

that: 

(1) 0 < rk,i < 1 and ||rfe^i|| = 1 for k = 1,2,... ,n and I = 0,1,..., N. 

(2) WxkTk.o - ■rfe.oll <e for k = 1,2,..., 

(3) l-h4.Brk,N fork = 1,2,...,n. 


n. 
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U) /or fc = 1, 2,..., n and I = 0,1,..., N - 2. 

(5) hrk,o = Tkfi for k = 1 , 2 ,... ,n. 

( 6 ) Tk.i € hBh for k = 1,2,... ,n and I = 0,1,..., N. 

( 1 ) \\aj - bjW <£ for j = l, 2 ,...,m. 

( 8 ) hbj G hB C B for j = 1,2,... ,m. 


Proof. The subalgebra B is simple by Proposition 5.2 of m, finite by Proposi¬ 
tion 3.1 of [52], and infinite dimensional by Proposition 5.5 of un¬ 
set eo = min (|, ^). Define continuous functions po,Pi '■ [0,1] —>■ [0,1] by 


Po(A) 


(l-2eo)”^A 0<A<l-2eo 
1 1 - 2eo < A < 1 


and 


Define = 
( 6 . 1 ) 


1 

fo 


VI 

0 

< 1 - 2£o 

Pi (A) = \ 

4 o'(A 

— 1 -b 2eo) 

1 — 2^0 A 1 — £0 

\ 

[l 


1 - £0 

< A < 1. 

Po{xk) and 

4 ^^ = 

Pi{xk) for k 

= 1 ,2, 

... ,n. This gives 

II (0)11 

\\Xk - ICfc 

< 2 eo, 

AO) ( 1 ) _ 
■^k -^k ~ 

™( 1 ) 

•l-fe ’ 

and = 1. 


We further need the functions /i/ 2 «+ 2 , /i/ 2 «+i, ■■■,fi/ 4 ' [0,1] —t [0,1] of Defini¬ 
tion [2]^ We name them instead, in order, /o, /i,..., /at, getting 

(6.2) fifi+i = fi+i 


lor I — 0,1,..., N — 1 and 


(6.3) = 

For fc = 1, 2,..., n, use Lemma 5.3 of [TS| (with r = 1) to choose G 5+ 
such that 

Ibril = 1 and 

Define 

Vk =Po{yk^) and Zk=Pi{yk'’). 

Then ykZk = Zk and || 2 ;fe|| = 1. Also, 


IVk 


( 0)1 
Vk I 


< 2so < 


1 


SO 


(6.4) ||(4^y^V-2/fe|| < 2||?/fe-4“^||-b 11(4^^) 


( 0 )| 
Vk ' 


„(i) 


, 1/2 ( 0 ) 

Vk 


( 0 )| 
■Vk \ 


1 

<12 


1 

48 


5 


For k = 1,2,... ,n. Lemma 2.2 or Lemma 2.3 of [TB] (depending on whether 
ZkBzk is unital) provides nonzero orthogonal unitarily equivalent positive elements 
Ck.i,Ck ,2 S ZkBzk. We may assume that ||cfcp|| = ||c/c_ 2 || = 1- Since B is finite and 
infinite dimensional, we can use Lemma 2.9 of [16] to find dk G B+ \ {0} such that 
whenever g G B satisfies 0 < 5 < 1 and g =4 b dk, then 


\\{l-g)Zk{l-g)\\>l. 


( 6 . 5 ) 
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Now use simplicity of B and Lemma 2.6 of m to find a nonzero positive element 
c G B such that for A: = 1,2,..., n we have 


( 6 . 6 ) 


c^sdk and c^B(cfe,i-|)_ 


By a polynomial approximation argument, there is (5o > 0 such that when¬ 
ever I? is a C*-algebra and i/i, j/2 G D satisfy 0 < < 1 and \\ yi — J/2II < 2(5o, 

with N = S 


6.1 


then 11/0(2/1) - /o(2/2)|| < |- Set 6 = min(£:,(5o, ^). Apply Lemma 
and S in place of e, getting go, 91,92,93 G B and 61,62, • • •, G A such that: 

(9) 0 < 90,91,92,93 < 1, 9o9i = 9i, 9i92 = 92, and 9293 = 93- 

(10) \\bj — OjII < 6 and (1 — 93)bj G B ioi j = 1,2,... ,m. 

(11) 9o =^B c. 

(12) II [91, II < (5 and || [92, || < <5 for A: = 1, 2,..., n. 

Part Q of the conclusion is immediate from the choice of &i, &2, • • ■, &m- Set h = 
1 — 93. Then hbj G i? by (10). Thus lim„_,.oo h^^^hbj = hbj G hB, which is part ^ 
of the conclusion. 

For k = 1, 2,..., n, further define r/c = (1 — 92 )x^f^\l — 92 ) and, for I = 
0,1,..., iV, define rkj = fiivk). Clearly 0 < rk,i < 1. From ( [^ we get 

Tk.irk.i+i = Tk.i+i 

for Z = 0,1,..., iV — 1. This is part Q and most of part Q of the conclusion. We 
next use (6.4) twice to get 


(6.7) 


I. (1)n1/2 / (l)\l /2 II ^ 5 

\{xk ) yk[x^ ) -2/fe||<^- 


Using this relation at the second step, Zk < yk at the third step, and 92 < go, 0. 
(6.6), and the choice of dk (which gave (6.5)) at the fourth step, we get the estimate 

Ikfell > ||(l-52)(4^y^^2/fc(4^y^^(l- 52)11 > 11(1-52)2/fc(l- 52)11 - ^ 

II, . . .|| 5 5 5 1 

>||(l-g2)zfc(l-52)||-^>g-^> 2 - 


In particular, by ( |6.3[ ), we have ||rfc,Ar|| = 1- This implies that ||rfc,i|| > 1 for 
Xk,iXk,i+i = Xkj+i, and finishes the proof of part ([^ of the conclusion. 

Pa rt ([^ of the conclu sion follows from h = 1 — 53, 5253 = 53, and the fact 
that Tk.o S (1 — 92)B{1 — 92). Combining this with part (|^, we get part 
Our next goal is part ^ of the conclusion. We start with 

(6.8) 1 - h = g3 < go. 

We next claim that 

(6-9) go 4 b [(1 - 5i)5fc(l - 5i) - |] , ■ 


We use (11) and (6.6) at the first step. Lemma 1.7 of [16], Ck,iCk,2 = 0, unitary 
equivalence of Ck^i and Ck^2, and Ck^i + Ck^2 < 5fc at the second step. Lemma 1.8 
of [TB] at the third step, and gogi = 51 and Lemma 1.10 of [TB] at the fourth step. 
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getting 

go © go =4 b (cfc,i - |)+ + (cfe ,2 - 
4b {uk - |) + 

4b [{I - gi)ykil - gi) - |]+ ®5i 

4b [(1 -5i)2/fc(l -5 i) - |]+ © {go - !) + ■ 

Since tsr(B) = 1, we can apply Theorem 4.3 of [5S] to get ( |6.9[ ), as desired. 
Now we claim that 


( 6 - 10 ) [{1 - gi)yk{l - gi) - |]^ ( t/c - 

Set 

s = [(1 - 5'2)(4^y^^(l - 52)] [(1 - gi)yk{l - gi)] [(1 - - 32)] • 

Then, using (1 — 51 )(1 — 52 ) = 1 — 5i at the first step, ||1 — 52 I! < 1 and (12) at the 
third step, (6.7) and ||1 — 5 i|] < 1 at the fifth step, and the choice of 6 at the sixth 
step, 


||s- {1 - gi)yk{l - gi)\\ 

= ||(1 - - 52 ) 

- (1 - S 2 )(l - gi)ykil - 5 i)(l - 52)11 
< 111 - 52f ||(4^4^^(1 - 5i)5fc(l - 5i)(4^y^^ - (1 - 5i)5/c(l - 51 ) 
<26+ ||(1 - gi)(4^y^4/c(4^4^^(l - 51 ) - (1 -5i)5fc(l -5i)|| 
<26+ 111 - gif ||(4^y^4/c(4^Y^^ -5fe|| 

So Corollary 1.6 of |TB] implies that 

[(1 - 5i)5fe(l - 51 ) - |]+ (s - 1)_^. 

Clearly 

s< (l-52)(4^Y^^(4^y^^(l-52) =rk, 


SO 


(s- 4+ 


by Lemma 1.7 of (TB]. The claim follows. 

Using (6.3) and the definition Vk^N = fN{rk), we get 

rfe.Affc- 1)^ = (rfc- 1)^. 

In particular, — 1)_|_ ^a 'i’k,N- Combining this relation with (6.8), (6.9), 
and (6.10), we get 1 — h ^a rk^N- This is part ^ of the conclusion. 

It remain to prove part (H of the conclusion. It follows from ( [T^ that 

11 ( 4 ^ 4 ^^( 1 - 52 ) 44 ^ 4 ^^ - ( 1 - 52 ) 4 ^ 4 - 52)11 < 2 < 5 . 


Using 5 < (5o) we get 

(6-11) ||/o((4^4^^(i “52)44^4^^) -/o((i-52)4^4- 52 )) II < 
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Since (from (6.11), we get 


'^k 
X 




Combining this equation with ||a;fc — || < 2eo (also from (6.1)) and using (6.11) 

twice, we now get 

||a;fc/o((l -52)a:[,^^(l - ga))) - /o((l - 52)4^1l - ff 2 ))|| <2so+‘^ <e. 

By the definition of Vkfi, we thus have \\xkrk,o — 'Cfe,o|| < as desired. I 

Theorem 6.3. Suppose A is an infinite dimensional simple separable unital C*- 
algehra. Suppose A has a centrally large subalgebra B such that tsr(i?) = 1. Then 
tsr(>l) = 1. 

Proof. We will show that every two sided zero divisor in ^ is a limit of invertible 
elements. That is, A a ^ A and there are nonzero x,y G A such that xa = ay = 0, 
then we show that for every e > 0 there is an invertible element z € A such that 
\\z — a|| < e. It will follow from Theorem 3.3(a) of [53] (see Definition 3.1 of |53] 1 
that any a G A which is not a limit of invertible elements is left or right invertible 
but not both. Now B has stable rank one, so is finite by Proposition 3.1 of [22] . 
Proposition 6.15 of [16] then implies that A is finite, so there are no such elements. 
Thus we conclude that A has stable rank one. 

Without loss of generality, ||a|j < 1/2 and e < 1. Replacing x with 
||a;||“^a;*a; and y with we may assume that x and y are positive ele¬ 

ments of norm 1. 


Set = min(l,e)/20. Apply Lemma 6.2 with TV = 1, with n = 2, xi = x, 
and X 2 = y, with to = 1 and Oi = a, and with in place of £, to get ag G A, 
hi G B with 0 < hi < 1, and so,si,to)li S hiBhi such that: 

(1) 0 < so,si,to,ti < 1 and ||so|| = ||si|| = Poll = Pi|| = 1- 

(2) IpSo - Soil < P and ||yto - ^oll < P- 

(3) 1 — hi Si and 1 — hi =4b ti- 

(4) sqSi = Si and to^i = ^i- 

(5) hiso = So and hitg = tg. 

(6) ||a - ao ll < Si. 

(7) hico € hiB C B. 

Set oi = (1 - so)ao(l - tg). Then siOi = (si - siSo)ao(l - to) = 0 by (|^ 
and selfadjointness, and similarly oiti = 0. 

Next we estimate ||ai — a||. Since ||a|| < | and xa = 0, we have 

llsoaoll < ||so|| • ||ao - a|| -f ||so - Soa:|| • ||a|| < 25i. 

Similarly ||aoto|| < 2<5i. Now we can compute 

||a - oill < ||a - ooll -b ||ao - (1 - so)ao(l - to)ll 
< (5i -b llootoll + llsoaoll - 111 - toll < 5^i. 


|ai| 


< 5(5i -b i < 1. 


This also gives us 

The subalgebra B is simple by Proposition 5.2 of [16]. Apply Lemma 2.4 
getting r € 5+ \ {0} with r < Si and r =4 b ti. Set 62 = |p||, let fs^ be as in 
Definition |2.3[ and set q = / 52 (r). Thus IpH = 1. The functions of Definition 2.3 
are the same as those defined at the beginning of Section 2 of [53]. Since tsr(il) = 1, 
Proposition 2.4(v) in [53] therefore provides a unitary v G B such that v*qv G tiBti. 
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We claim that 


(6.12) qaiv* = aiv*q = 0. 

For the first, use q S siBsi and siOi = 0 to get qai = 0. For the second, use 
v*qv G tiBti and aiti = 0 to get aiv*qv = 0, and multiply on the right by v* to 
get aiv*q = 0. The claim is proved. 

Set 

(lj- j) ■ 

Apply Lemma |6.2| with N = \, with n = 1 and xi = g, with to = 1 and aiv* 
in place of 01 , 02 ,... , 0 ^, and with ^3 in place of e, to get 02 G A, /12 S i? with 
0 < ^2 < 1, and rg, ri G h 2 Bh 2 such that: 

( 8 ) 0 < ro,ri < 1 and ||ro|| = ||ri|| = 1 . 

(9) \\qro - roll < S 3 . 

( 10 ) 1 - ^2 ri. 

( 11 ) rori = ri. 

( 12 ) /i 2 ro = ro. 

(13) ||o 2 - a iu*|| < S 3 . 

(14) / 12 O 2 G h 2 B C B. 

Define 03 = (1 — ro)o 2 (l — rg). Then riog = ogri = 0. Next, 


|a2|| < ||a2 - oiu*|| + ||oi - o|| 


< ^3 + 5(5i + 1/2 < 1 . 


From m and selfadjointness, we get ||rg — rog|| < S3. Using this and qaiv* = 0 
(from(6.12)) at the second step, we have 

Iko02|| < ||ro02 - rgOiu*!! + I|rg - rggll • ||oiu*|| + ||rogoiu*|| 

< S3\\ro\\ + i^allaill • lk*|| < 2^3- 


Similarly, aiv*q = 0 (also from(6.12)) gives ||a2rg|| < 2^3. 
Now we can estimate: 


||a2 - 03!! = ||02 - (1 - ro)o2(l - rg)|| < ||o2rg|| + ||ro02 
Therefore 

II03U - o|| < ||a3 - 02 


|1 - roll < 4^3. 


u|| + ||o2r - oill + ||ai - o|| < 4S3 + <^3 + 5(5i < -. 


1/2 1/2 

Combining (121 with its adjoint, we get /i2rg = ro/i2- So ^2 ro = ro/12 . 
Therefore 

/i203 = - ro)/i2^^02(l - ro). 


2.7 


and 1 — ro G S, so 


1 /2 

We have h.^ 02 G i? by (14) and Corollary 

(6.13) ^203 G h2B • h2B • B C h2B G B. 

If /i 2 = 1, then 03 G B. Since tsr(i3) = 1 , there is an invertible element 
zq G B such that ||zo — 03 !! < e — II 03 U — o||. Set z = zqv. Then z is invertible in A 
and ||z — o|| < e, as desired. So we may assume that /12 7 ^ 1- Choose (54 > 0 such 
that sp(h 2 ) is not contained in [1 — 2 i 54 , 1]. In particular, S 4 < Let fs^ be as in 
Definition 2.3 Since I — /i .2 > 0 and sp(l — / 12 ) is not contained in [0, 2 ^ 4 ], we have 

||/^,(i-MII = 1 - 
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Using ( 10 ), tsr(i 3 ) = 1 , and Proposition 2 . 4 (v) in [ 24 ], we get a unitary 
u € U{B) such that 


( 6 . 14 ) 

Define 


G riBri. 


Zi = ufsA^ - h2)u*, Z3 = fs^{l - h2), and 22 = 1-2:1-22. 


We want to apply Lemma [ 5 . 4 | with A, B, 21, 22, and 23 as given, and with 0311 in 
place of a. 

We have tsr(i 3 ) = 1 by hypothesis, and hypothesis of Lemma | 5 . 4 | holds 
by definition. Also 21,22,23 G B by construction. 

Next, we claim that 2123 = 0 . From 0 and we get I12T1 = ri, so 
(1 — h2)ri = 0 . Thus 2i(l — /12) = ~ h2)u*{l — /i2) = 0 by Lemma 5.1 and 

another application of Lemma | 5 . 1 | gives 


( 6 . 15 ) 2123 = 21/5^(1-/12)2:1 = 0, 

proving the claim. This is hypothesis ([^ of Lemma 5.4 Clearly 0 < 21 < 1 and 
0 < 23 < 1 , so we get 22 > 0 . Thus hypothesis ([^ of Lemma 5.4 holds. 

Combining ( 6 . 14 ) with 0 and the definition of 2i, we get 7-021 = 2iro = 

2i. So 

2ia3U = 2i(l - ro)a2(l - ro)u = 0, 
which is hypothesis (|^ of Lemma 5.4 Clearly U23 = 2iu, so also 
asuzs = 032177 = (1 - 7 - 0 ) 02(1 - ro)ziu = 0 , 


which is hypothesis ([^ of Lemma 5.4 


It remains only to verify hypothesis ([^ of Lemma | 5 . 4 [ Recall from ( | 6 . 13 [ ) 


that /i2a3 G B. Since 84, < \, the function A :->■ 1 — /^^(l — A), from [ 0 , 1 ] to [ 0 , 1 ], 
vanishes at zero. So Corollary 2.7 implies (1 — 23)03 = [1 — /54(1 — /i2)]a3 G B. 
From ( 6 . 15 ) and 21,0,22 G B, we now get 2203022 = (1 — 2:i)(l — 23)03022 G B, as 


desired. 

We can now apply Lemma 5.4 to find an invertible element 04 G A such 
that II04 — 03u|| < |. Then 2 = 040*0 is invertible and satisfies 

II2 - o|| < II04 - O30II • ||o*|| • ||o|| + II03O - o|| < I + I = c. 

This completes the proof. I 


Combining Theorem 6.3 with results of [ 3 ] and | 16 j . we can show that if, 
in addition, the centrally large subalgebra has real rank zero, then so does the 
containing algebra. It is possible that one does not need the subalgebra to have 
stable rank one, but the proof would need to be much longer. 


Theorem 6.4. Suppose A is an infinite dimensional simple separable unital C*- 
algebra. Suppose A has a centrally large subalgebra B such that tsr(i?) = 1 and 
RR{B) = 0 . Then RR(A) = 0 . 

Proof. We use the Cuntz semigroups Cu(R) and Cu(A). We refer to [ 5 ] and Sec¬ 
tion 1 of m for background. In particular, recall the compact containment relation 
<C, Definition 1.24 and Lemma 1.25 of [ 16 ] or (under the name “way below”) con¬ 
dition (04) in Definition 4.1 of [ 5 ]. If D is a C*-algebra, we further call an element 
T] G Cu(iA) compact if ly ^ 77. 
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Since RR(i3) = 0 and tsr(R) = 1, it follows from the second paragraph 
of Corollary 5 on page 186 of [5] that every element of Cu(i?) is the supremum 
of a nondecreasing sequence of compact elements. We claim that the same is true 
of A. So let f] G Cu(^). If ?7 is the class of a projection in K 0 A, then rf is 
itself compact, by Lemma 1.25(3) of [16]. So the claim is immediate. Otherwise, 
let i: B —>■ A be the inclusion map. It follows from Theorem |6.3| that tsr(A) = 1, 
so A is stably finite by Proposition 3.1 and Theorem 3.3 of |22| . Since centrally 
large algebras are large. Corollary |3.6| now implies that B is stably large in A. So 
Theorem 6.6 of nni provides /i G Cu(R) such that = y. Let (p.n)nGZ>o be a 
nondecreasing sequence of compact elements in Cu(il) such that /i = sup„g2>o M"- 
Then (i*(/J.n))riGZ>o is a nondecreasing sequence of compact elements in Cu(A) such 
that r] = sup„gg^|^ This proves the claim. 

We saw already that tsr(A) = 1. Combining this fact, the claim, and 
Corollary 5 on page 186 of [5|, we get RR(Gl) = 0. I 

7. Application to the stable rank of crossed products 

In this section, we apply our main result to show that the crossed product 
by a minimal homeomorphism of a compact metric space X has stable rank one 
whenever there is a continuous surjective map from X to the Cantor set. We con¬ 
jecture that the result holds whenever X is infinite. Our theorem covers examples 
in which it is known that the crossed product is not Z-stable, and in particular is 
not classifiable in terms of K-theory and traces. In particular, our result can’t be 
proved by using the fact that simple unital Z-stable C*-algebras have stable rank 
one (Theorem 6.7 of [IS]). 

Theorem 7.1. Let X be a compact metric space. Assume that there is a con¬ 
tinuous surjective map from X to the Cantor set. Let h: X ^ X be a minimal 
homeomorphism. Then C*(Z,A, h) has stable rank one. 

In Proposition 5.1 of m, it is shown that the conditions on the pair (X, h) 
are equivalent to a number of other conditions. For example, the hypotheses are 
equivalent to the assumption that (A, h) has a factor system which is a homeomor¬ 
phism of the Cantor set. They are also equivalent to the assumption that there is 
a decreasing sequence Yq A Yi D • • • of nonempty compact open subsets of X such 
that the subset Y = fj^o satisfies h'^{Y) r\Y = 0 for all r G Z \ {0}. 

The proof depends on a result in [7] , according to which simple direct limits 
of AH systems with diagonal maps have stable rank one, regardless of any conditions 
on dimension growth. It seems plausible to believe that the same should be true 
for simple direct limits of recursive subhomogeneous algebras in which the maps of 
the system are diagonal. For any minimal homeomorphism h of an infinite compact 
metric space, and any nonempty closed subset Y C X such that K^fY) CT = 0 for 
all r G Z \ {0}, the centrally large subalgebra C'*(Z, A, h)Y (see the introduction 
for the notation) is the direct limit of such a system. (This will appear in [IHj.l 
Accordingly, we make the following conjecture. 

Conjecture 7.2 (joint with Zhuang Niu). Let X be an infinite compact metric 
space and let h: X ^ X be a minimal homeomorphism. Then C*(Z,A, h) always 
has stable rank one. 

Since simple unital AH algebras can have arbitrary stable rank (even infi¬ 
nite stable rank; see Theorems 8 and 12 of [IH])) this would show that some kinds of 
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pathology which occur for simple unital AH algebras are not possible with crossed 
products by minimal homeomorphisms. 


Proof of Theorem \7.1\ Proposition 5.14 of m provides a nonempty compact subset 
Y C X such that h^{Y) HY = 0 for all n S Z \ {0} and such that C'*(Z, A, h)Y 
(as defined in the introduction) is the direct limit of an AH system with diagonal 
maps in the sense described at the beginning of Section 2.2 of [?]■ (The maps 
are explicitly described in Lemma 5.12 of [H].) By Theorem 7.10 of [T^, the 
subalgebra C'*(Z,A,/i)y is a large subalgebra of C*{Z,X,h) of crossed product 
type in the sense of Definition 4.9 of uni. In particular, C*{'E,X,h)Y is simple 
(by Proposition 5.2 of [T^) and is centrally large in C*{Z, X,h) (by Theorem 4.6). 
Using simplicity and the diagonal maps condition in the AH system, it follows from 
Theorem 4.1 of [7] that C'*(Z, X, h)Y has stable rank one. So C*(Z, X, h) has stable 
rank one by Theorem 6.3 I 


Corollary 7.3. Let Y be a compact metric space with more than one point, let 
d € (0,1), and let X and the minimal homeomorphism h: X ^ X be a subshift (of 
the shift on (Y x [0, 1])'^) as constructed in Section 2 of [lOj . Then C*(Z, X, h) has 
stable rank one. 


Proof. On the bottom of page 111 of m, it is proved that the system (A, h) has 
the universal odometer as a factor system. (The hypothesis that Y be contractible, 
which is being assumed at this point, is not needed for this conclusion.) In particu¬ 
lar, there is a continuous surjective map from A to the Cantor set. So Theorem |7.1| 
applies. I 


Example 7.4. Let n G Z>o satisfy n > 2. In Corollary \7.3\ make the particular 
choices d G (l — i, l) and Y = [0,1]^". Theorem 2.2 of [ID] implies that the 
radius of comparison ofC*{Z, A, h) satisfies rc(C'*(Z, X,h)) > n—1. In particular, 
C*((L,X,h) does not have strict comparison, so is not Z-stable (by Corollary f.6 
ofM), but has stable rank one by Corollary \7.S\ 


The mean dimension mdim(/i) of a homeomorphism of a compact metric 
space is defined in Definition 2.6 o f |14j . It is shown in m that for the minimal 
homeomorphisms in Corollary 7.3 one actually has rc(C'*(Z, A, h)) = imdim(/i). 


It is pointed out after Proposition 2.4 of m that if the covering dimension of 
the space Y in Corollary 7.3 satisfies dim(y) > 0, then the homeomorphism h 
of Corollary 7.3 satisfies mdim(/i) > 0. Thus, in fact, whenever dim(y) > 0 in 
Corollary 7.3 then rc(C'*(Z, A,/i)) > 0, and C'*(Z,A,/i) is not Z-stable (but does 
have stable rank one). 


Example 7.5. In Corollary 7.3. make the particular choices d G (0,1) and Y = 
X S"^. Theorem 3.1 of AT implies that KQ{C*{'E,X,h)) is not weakly un¬ 
perforated. We can now give a different argument to show that C'*(Z,A,/i) is 
not Z-stable. By Corollary f.9 of |25j . if C*{'L,X,h) were Z-stable then (using 
simplicity of C*((L,X,h) to get simplicity of V{C*{'L,X,h))) it would follow that 
Ao(C'*(Z, A, ft-)) is almost unperforated. By the discussion after Lemma S.f of |25). 
it would follow that Ko{C* (Z, X, h)) is weakly unperforated, a eontradiction. Again, 
C*(Z,A, ft) has stable rank one by Corollary\7.3\ 


There are other ways to construct examples of minimal homeomorphisms 
for which we can prove that the mean dimension is nonzero and that the crossed 
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products have stable rank one, although we do not know that the crossed products 
don’t have strict comparison, and we do not know that they are not Z-stable. 

Example 7.6. Let Xq be any connected compact metric space, and let ho : Xq —>■ Xq 
be a minimal homeomorphism such that mdim(ho) > 0. Let k: Z —>■ Z be an 
odometer homeomorphism of the Cantor set. (See, for example. Section VIIL4 
ofM-) Set X = Z X Xq and define h = k x Hq: X ^ X. It is shown in E] that h 
is minimal. It is also shown in [n that mdim(h) = mdim(/io). Obviously X has a 
continuous surjective map to the Cantor set, so C* (Jj, X,h) has stable rank one by 

Theorernm 
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